In this article we introduce conformal Riemannian morphisms. The idea of conformal Riemannian morphism generalizes the notions of an isometric immersion, a Riemannian submersion, an isometry, a Riemannian map and a conformal Riemannian map.
Introduction
A generalization of the notions of isometric immersion and Riemannian submersion between Riemannian manifolds was introduced by Arthur E. Fischer in 1992 and was named as Riemannian map [5] . The theory of isometric immersions originated from Gauss's studies on surfaces in Euclidean spaces. On the other hand, the study of Riemannian submersions between Riemannian manifolds was initiated by O'Neil [8] and Gray [7] . Later on, Sahin generalized Riemannian maps further and defined Conformal Riemannian maps [9] .
The immersions and submersions are generalized and unified by subimmersions.
Fischer introduced Riemannian map as a Riemannian analog of subimmersion. In this paper we generalize the conformal Riemannian maps by introducing the concept of a conformal Riemannian morphism. We prove that such a map is a subimmersion. Thus conformal Riemannian morphism is yet another Riemannian analog of the notion of subimmersion.
Througout this paper (M, g M ) and (N, g N ) denote Riemannian manifolds with submersion f is said to be Riemannian submersion. f is called an isometry if it is isometric immersion as well as Riemannian submersion.
From [5] we recall From [9] we recall Next, we define terms like geometric function, conformal Riemannian morphism etc.
Definition 1.5. Let V and W be inner-product spaces over the field of real numbers and f : V → W be a linear transformation. Denote the kernel and range of f by
K and R(f ), respectively. We say that f is a geometric function if there exists a If ∧ f (x) = 1, for each x ∈ M , we call f a Riemannian morphism.
• Define, ∀x ∈ M , a linear function (df Hx )
Here
• Define, ∀x ∈ M , P Hx :
• Define, ∀x ∈ M , Q Hx :
By using functions P Hx and Q Hx defined above we give some necessary and sufficient conditions for a smooth function between Riemannian manifolds to be conformal
Riemannian morphism (see Theorems 3.2, 3.1 ). Also, we prove that a conformal Riemannian morphism on a compact Riemannian manifold has locally constant rank (see Theorem 4.2). Finally, we conclude one of our main results, Theorem 4.5.
Examples of conformal Riemannian morphisms
We let R n denote the Eclidean n-space taken with its standard flat metric. Using definition 1.6 in the Introduction, we give some examples of conformal Riemannian morphisms.
If
Riemannian morphism with ∧ I (x) = 1 and ker(dI x ) = {0}, ∀x ∈ M. In particular, an isometry (1.2) is a Riemannian morphism.
is a conformal immersion (1.1), then F is a conformal Riemannian morphism with ker(dF x ) = {0}, ∀x ∈ M. 
6. A conformal Riemannian map (1.4) is a conformal Riemannian morphism with
, for some real number λ. Conf(f ). This example shows that Conf(f ) need not be unique.
Then f is a smooth function and for any a ∈ R 4 , we have,
Note that df a (e 1 ) = e a3 e 1 , df a (e 4 ) = e a3 e 4 , df a (e 1 +e 4 +e 2 ) = 0,
and T = span{e 1 , e 4 }. Then (df a ) |K = 0 and f is conformal Riemannian morphisms with Conf(df a ) = T and ∧ f (a) = e 2a3 , for all a ∈ R 4 . Note that
Conf(df a ) and ker(df a ) are not orthogonal in this example.
9. From Proposition 2.1 it is clear that every smooth function f : R n → R is a conformal Riemannian morphism if and only if it is a constant function or has nonvanishing gradient.
Every smooth curve
and only if it is a constant curve or c ′ (t) = 0, for all t ∈ R. Note that if c is a curve which is a conformal Riemannian morphism, then ∧ c (t) = g M (t)(c ′ (t), c ′ (t)).
A linear isomorphism
and only if A is a scalar multiple of an orthogonal transformation.
12. A conformal Riemannian morphism need not be a harmonic map, and a harmonic map need not be conformal Riemannian morphism. For example, the curve c :
but not conformal Riemannian morphism.
13. From [6] , we have following characterization of harmonic morphisms: a smooth map φ : M → N between Riemannian manifolds is a harmonic morphism if and only if it is both harmonic and conformal submersion. So we conclude that a hormonic morphism is conformal Riemannian morphism but converse need not be true because a conformal Riemannian morphism may not be a harmonic map.
14. Composition of conformal Riemannian morphisms need not be a conformal Rie-
and g : R 2 → R given by g(x, y) = x are conformal Riemannian morphisms but
is a conformal Riemannian morphism if and only if f is constant or it has nonvanishing gradient.
Proof. If f is constant, then it is easy to see that f is a conformal Riemannian morphism. Let grad(f ) denote the gradient of f which is a vector field defined by df
From above discussion, we conclude that f is a conformal Riemannian morphism
Proof. Proof follows from the Proposition 2.
Definition 2.1. If T : V → W is a linear transformation between inner product spaces V and W, then Frobenius norm of T is defined by T F = trace(T * T ).
Remark 2.1. 
From [5], we have that a Riemannian map
generalized eikonal equation df = rank(f ). From [9] , we have that a con- 
From Proposition 2, a conformal Riemannian morphism from a connected and
compact Riemannian manifold to R is either constant or a conformal Riemannian map, and hence satisfies an equation of the form df = ∧ f rank(f ).
Necessary and sufficient conditions for a map to be conformal Riemannian morphism
In this section we give some necessary and sufficient conditions for a map between Riemannian manifolds to be conformal Riemannian morphism. 
Proof. f is conformal Riemannian morphism if and only if there exists a smooth func- 
Since range(P Hx ) = H x , 3 is equivalent to P Hx •P Hx = ∧(x)P Hx . Hence we conclude the result. 
Proof. f is conformal Riemannian morphism if and only if there exists a smooth func-
4 is equivalent to
for all X 2 ∈ range(df x ), Y 2 ∈ T f (x) N . 5 is equivalent to
for all X 2 ∈ range(df x ), Y 2 ∈ T f (x) N . 6 is equivalent to
for all
We have Q Hx = (df x ) • (df Hx ) ⋄ . So, 7 holds for all X 2 ∈ range(df x ), Y 2 ∈ T f (x) N , if and only if Q Hx • Q Hx = ∧(x)Q Hx , for each x ∈ M . Hence we conclude the result.
Remark 3.1.
From Proposition 3.1, we conclude that (df Hx )
⋄ is a generalization of (df x ) * .
From Theorem 3.1, f is Riemannian morphism if and only if there exists a sub-
operator, that is, P Hx • P Hx = P Hx .
space H x ⊂ T x M with T x M = H x ⊕ ker df x such that Q Hx is a projection operator, that is, Q Hx • Q Hx = Q Hx .
Subimmersion
In this section we start with definition of subimmersion and state results regarding subimmersions from Abraham, Marsden, Ratiu and Dieudonne. After this we state our results.
Definition 4.1. A smooth function f : M → N is a subimmersion at x ∈ M , if there is
an open set U containing x, a manifold P, a submersion S : U → P, and an immersion
if it is a subimmersion at each x ∈ M.
Now we state a proposition from [5] which relates subimmersions and maps of constant rank. Proof. If f is a subimmersion, then it is locally composition of a submersion and an immersion , and hence has locally constant rank. Conversely, if it has locally constant then, by using rank theorem, we coclude that it is a subimmersion. Local constancy of nullity follows from rank nullity theorem.
We state following theorem about subimmersion(see Abraham, Marsden, and Ratiu(1988) ,
and Dieudonne (1972) , [1] , [4] , [3] ).
Theorem 4.1. Let f : M → N be a subimmersion.
Then for every
with T x (f −1 (y)) = ker(df x ), for every x ∈ f −1 (y). 
For every x ∈ M, there exists a neighborhood U of x such that f (U ) is a submanifold of N with
T f (x) (f (U )) = range(df x ). If, in
If f is surjective and M is connected, then f is a submersion, and hence a surjective submersion.

More generally, if M is connected and f is open or closed onto its image, then f (M ) is a submanifold of N, and the range restricted map
surjective submersion onto f (M ).
If f is bijective and M is connected , then f is a diffeomorphism.
We have following lemma from the thesis of first author. Define
Then, for each r, O r and C r are respectively open and closed in M (m × n, R).
Proof. Since C r = O to R for each i ∈ {1, 2, . . . , k}. Consequently, for each i ∈ {1, 2, . . . , k}, the set
is open. Now, every matrix in M (m × n, R) of rank at least r belongs to at least one of U i for i ∈ {1, 2, . . . , k}. Thus, Proof. Let the dimension of V be n and rank(T ) be r. For each natural number k, let X k and Y k denote, respectively, the kernel of T k and Conf subspace corresponding to
Since T k → T , there exists a natural number K 1 such that for any natural number
We claim that for each natural number k > k 1 , the intersection ker(T ) ∩ Y k = {0}. To prove this, it suffices to show that if α ∈ ker(T )
Fix a natural number k > K 1 and suppose that {u i } n−r i=1 is a basis of ker(T ). Since each T k is a geometric function, we have V = X k ⊕Y k . Thus, we can find v i ∈ X k and w i ∈ Y k such that u i = v i + w i for all i ∈ {1, 2, . . . , n − r}. We claim that {v i } n−r i=1 is linearly independent. Suppose that for some scalars β i , we have
which by linear independence implies that β i = 0 for all i ∈ {1, 2, . . . , n − r}.
Conclude that {v i } n−r i=1 is linearly independent and hence rank(T k ) rank(T ). Since, from Theorem 4.3, {S : rank(T ) ≤ rank(S)} is open, there exists ǫ > 0 such that
Hence there exists a natural number K such that for all k > K, we have rank(T k ) = rank(T ). Proof. Let the dimensions of M and N be m and n respectively and ∧ f : M → R be a smooth function such that such that c < ∧ f (x), ∀x ∈ M, for some number c > 0.
We shall first show that ρ is a locally constant function on M .
On the contrary suppose that ρ is not locally constant at a p ∈ M . Choose coordinate charts (U, φ) and (V, ψ) around p and f (p) respectively. Let g denote the
Since f is a conformal Riemannian morphism, for each y ∈ φ(U ) we may view dg y : R m → R n as a geometric function between real inner-product spaces. And since φ and ψ are diffeomorphisms, the function y → rank(dg y ) is not locally constant at q = φ(p). Hence, there exists a sequence {q k } in φ(U ) such that q k → q but has infinitely many terms q l with rank(dg q l ) = rank(dg q ),
i.e. the sequence rank(dg q k ) is not eventually constant. This contradicts Lemma 4.2 and makes untenable our assumption that ρ is not locally constant at p. 
2.
Locally, f is the composition of a conformal submersion followed by an injective isometric immersion. Proof. Let dim(range(df x )) = l, {e 
If f is injective, then f is an conformal immersion.
If f is surjective and M is connected, then f is a surjective
